ANOTHER PROOF OF THE INFINITUDE OF PRIMES

KENT SLINKER
That there are an innite number of primes is something that has been known since antiquity. Euclid's proof,
accessible to even the beginning Mathematician, shows that no nite set of primes can be complete. It comes as
no surprise that in the many ensuing years more proofs of this result have appeared in the pages of Mathematical
journals, books, and recently websites devoted to Mathematics. Here we present another short elementary proof.
To facilitate our proof we introduce the following notation: Let n =

k
Q

p2i be the product of k distinct primes

i=1

n
. In other words, rj is the product of k distinct primes squared except
p2j
√
the j th . Let kj = rj and observe kj ∈ N.

squared. Let 1 ≤ j ≤ k, and dene rj =

Theorem.

There exists an innite number of primes.

Proof. First note that {2, 3} is a set of primes, hence there exists a prime which is not equal to 2. Now assume
by way of contradiction that there are a nite number of primes contained in the set P = {p1 , p2 , . . . , pk }. Set
n=

k
Q

p2i , and consider,

i=1

rj − 1 = (kj − 1)(kj + 1)

where pj 6= 2. We want to show that at least one of the factors (kj − 1) or (kj + 1) must contain a prime not in P.
Observe rj ≡ 0 (mod p) for every p ∈ P except pj , hence neither of the factors (kj − 1) or (kj + 1) can be divisible
by any p ∈ P except pj , (else we have the contradiction −1 ≡ 0 (mod p) for some p ∈ P ). So what remains to show
is that at least one of the factors (kj − 1) or (kj + 1) is not divisible by pj .
If just one of the pair (kj −1) or (kj +1) contain pj as a factor, then the other must contain a prime not in P and we
are done. Suppose then that both (kj −1) and (kj +1) contain pj as a factor, this implies GCD((kj −1), (kj +1)) ≥ pj .
But GCD((kj − 1), (kj + 1)) is at most 2 for all kj ∈ N, and we have assumed pj 6= 2, hence there is at least one
prime which is not in our set P supposed to be complete, which contradicts our original assumption.
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